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Quantization of geometrical phases accounts for
phenomena, such as the Aharonov-Bohm effect
and Bohr-Sommerfeld quantization of energy lev-
els, which are hallmarks of quantum physics. It
has more recently been realized that the quan-
tized value of the Berry phase ϕB = pi, if eval-
uated over a proper trajectory in the Brillouin
zone, points to the existence of topological gap-
less surface states [1, 2]. Similarly, the presence
of a specific type of topological surface states can
be inferred experimentally by examining magne-
toresistance [3, 4], whose consistency with the
antilocalization (WAL) theory indicates that the
Berry phase determined along the Fermi cross
section is quantized, ϕ = pi [5–7]. Here, we con-
sider the case of cubic lead-tin monochalcogenides
and demonstrate, both theoretically and experi-
mentally, that the quantization of ϕ results from
the crystalline mirror and time-reversal symme-
tries, and appears for both topologically trivial
and non-trivial materials. In agreement with
this insight, we show that breaking of the mir-
ror symmetry, accomplished here with an ad-
ditional amorphous semiconductor layer, intro-
duces a new length scale that controls the mag-
nitude of WAL magnetoresistance.
Phenomena of negative magnetoresistance (MR) due
to weak localization (WL) and positive MR due to weak
antilocalization (WAL) belong to the family of one-
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electron interference effects in disordered systems appear-
ing when the phase coherence length lφ is longer than
the mean free path for elastic scattering l [8–10]. The
WL results from constructive interference of the time-
reversed backscattering paths of a diffusing carrier. How-
ever, massless Dirac fermions encircling the Fermi surface
acquire an additional pi Berry phase, which results in de-
structive interference of the backscattering paths turning
WL negative MR to positive WAL MR [5, 6]. The exis-
tence of surface Dirac cones is a key signature of 3D topo-
logical semiconductors, and therefore WAL MR is often
taken as evidence for the presence of topological surface
states (TSSs) [3, 4]. However, WAL is also observed in
topologically trivial semiconductors [11] because a phase
difference between time-reversed scattering paths can ap-
pear due to rotation of the electron spin in an effective
spin-orbit field. Thus, the WAL effect alone cannot be
regarded as evidence for TSSs [7], but rather it indicates
the existence of a robust geometrical phase picked up
by the carriers. According to the current paradigm of
the WL and WAL phenomena, the time-reversal symme-
try protects the interference of backscattering paths from
averaging out to zero [10, 12]. This symmetry is broken
by a magnetic field, which results in MR. Time-reversal
symmetry can also be broken by magnetic impurities,
whose destructive effect on WAL has been experimen-
tally demonstrated in topologically trivial [11] and non-
trivial semiconductors [13]. However, the importance of
the crystalline mirror symmetry on the WAL effect has
not been addressed previously.
In this Letter, taking thin films of Pb1−xSnxSe as an
example, we show theoretically and experimentally that
a combined effect of time-reversal symmetry and crys-
talline mirror symmetry can lead to quantization of the
Berry phase of electrons encircling the Fermi surface.
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2Advantage of rock salt Pb1−xSnxSe alloys is that they
undergo a topological phase transition from the trivial
insulator (PbSe) to the topological crystalline insulator
phase (Pb0.6Sn0.4Se) [14–16] at the critical Sn content
x
(c)
Sn = 0.16 [17]. Thus, one can directly compare elec-
tronic transport properties in two topologically distinct
phases within the same material system. We calculate
the dependence of the Berry phases on the strength of
perturbations breaking time-reversal and mirror symme-
tries. We show that compositions belonging to both
topological and trivial phases exhibit similar WAL-like
MR indicating that the symmetries of the system rather
than topological surface states are important. Then, we
intentionally break the crystalline mirror symmetry by
covering the samples with amorphous Se, and demon-
strate that the WAL effect is significantly weaker if the
crystalline mirror symmetry is intentionally broken.
We consider the symmetry-enriched berryology of the
(111) multilayer system in the SnTe material class [15].
By electron doping we obtain Fermi loops around the
high-symmetry points Γ and Mi (i = 1, 2, 3) (see Fig. 1).
In our calculations, all two-dimensional (2D) subbands
are non-degenerate along the Fermi loops because of the
spin-orbit interaction and the inversion asymmetry due
to the presence of inequivalent surfaces. We focus on
the effect of time-reversal T and (110) mirror symmetry
M on the Berry phases. Due to three-fold rotational
symmetry, there exists also two other mirror symmetries
which would lead to equivalent considerations.
In the presence of time-reversal symmetry, we obtain
that all the Fermi loops have quantized Berry phase
ϕ = pi (see Fig. 1a). This result holds both in the
topologically trivial and non-trivial regimes, and there-
fore we expect WAL independently of the Sn content.
The Berry phases are quantized to pi because T 2 = −1
and in the quantum well geometry the inversion sym-
metry is broken, bands are split into subbands and be-
come non-degenerate along Fermi loops. Equivalently
we can say that the Berry phases are equal pi because
Fermi loops encircle crossings of the subbands protected
by Kramers degeneracy at high-symmetry points of the
Brillouin zone (BZ). We point out that for time-reversal
symmetry obeying T 2 = 1 (no spin-orbit interaction) the
Berry phases would be quantized to 0. Thus, our sym-
metry analysis of the Berry phases reproduces the well-
known result that materials with strong (weak) spin-orbit
coupling support WAL (WL).
It turns out that the presence of crystalline mirror sym-
metry M can lead to the quantization of Berry phases
even if time-reversal symmetry T is broken, e.g., by a
non-zero Zeeman field, as shown in Fig. 1b. Namely,
it is possible to prove that the Berry phases for all
mirror-symmetric Fermi loops are quantized to 0 or to
pi (Fig. 1b) in the absence or in the presence of a mirror-
symmetry protected subbands’ crossing within the Fermi
loop, respectively – note that such a crossing is not bound
to high-symmetry positions in the BZ. For weakly bro-
ken T the crossings stay inside Fermi loops within the
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FIG. 1: Dependence of Fermi loops and Berry phases ϕ
on the presence of time-reversal T and (110) mirror
M symmetries for n-Pb1−xSnxSe thin films. a, If T
and M are obeyed the Berry phases of the Fermi loops in
subbands of a two-dimensional slab are quantized to ϕ = pi,
protecting subband crossings at high-symmetry points Γ and
Mi (black dot). This also holds when only M is broken. b,
If T is broken (by a Zeeman field shown by arrows) but M
is obeyed the Berry phases are quantized to pi only for Fermi
loops around the Γ and M1 points lying in the mirror plane
and the loop contains a subbands’ crossing. c, The Berry
phases are arbitrary when both T andM are simultaneously
broken (arrows and asymmetric surface layer).
mirror plane. However, the Berry phase changes to 0
when they move outside at a topological phase transi-
tion for strongly broken T . On the other hand, the Berry
phases are arbitrary when both T andM are simultane-
ously broken (Fig. 1c). We emphasize that this symme-
try analysis is completely generic in the sense that the
microscopic details of the breaking of the time-reversal
and mirror symmetries are not important, but we have
also confirmed these findings by explicitly calculating the
Berry phases in the presence of specific perturbations
which allow the breaking of T and M independently of
each other.
This theoretical analysis leads to two important predic-
tions that can be directly tested experimentally. First, we
obtain a similar behaviour of the Berry phases for both
topologically non-trivial and trivial materials, because
the symmetries of the system rather than topological
surface states are important. Therefore, we expect that
similar WAL-like behaviour is observed in Pb1−xSnxSe
alloys independently of the Sn content. Secondly, in re-
alistic condensed matter systems, both T and M sym-
metries are always weakly broken. Therefore, the de-
3viations of the Berry phases from the quantized values
can be increased by intentionally breaking the T andM
symmetries more strongly until there is no systematic
destructive interference of the backscattering paths that
could lead to WAL. The destruction of the WAL effect
by intentionally breaking the time-reversal symmetry has
been experimentally demonstrated, but we predict that
this could be achieved also by breaking the mirror sym-
metry provided that time-reversal symmetry is already
weakly broken. The crystalline mirror symmetry can be
broken in a controllable way by covering the surface of the
sample with a suitable material. Amorphous solids have
short range order in the sense that the distances between
neighboring atoms are similar to those in the crystal and
the coordination number is well-defined, but the transla-
tional symmetry is absent, there is no long-range order
and all point group symmetries are violated in crystal-
lographic sense (the symmetry operation will not result
in the same structure). Therefore, the importance of the
crystalline mirror symmetry on the WAL effect can be
tested by, for instance, proximitize the sample with an
amorphous semiconductor.
We test the theory on (111)Pb1−xSnxSe 50-nm thick
films deposited by MBE on BaF2 substrates (see Meth-
ods and Supplementary Information for details of film
growth, characterization, processing, and experimental
methodology). Two series of films have been grown to
study the influence of both topological transition and
break of the M symmetry on the WAL phenomena: the
first series consists of bare epilayers A-E, while the sam-
ples in the second series (epilayers F-J) are covered with
amorphous and insulating Se cap [18]. In each series, Sn
content is varied to drive part of the films through the
topological transition at low temperatures. To ensure
that the topological transition indeed takes place, and is
not significantly affected by the presence of small strains
observed by XRD, the band structure at the surface of
G and D epilayers with trivial and non-trivial composi-
tions, respectively, have been characterized by ARPES,
as shown in Fig. 2.
Despite that ARPES confirms the expected n-type
character of Pb1−xSnxSe, a positive sign of the Hall coef-
ficient is observed, pointing out to a relatively large con-
tribution from holes at the interface to BaF2, as found
earlier for PbTe/BaF2 epilayers [14]. High-field parabolic
positive MR for the field perpendicular to the film plane,
shown in Fig. 3, is consistent with a multichannel charac-
ter of charge transport (valleys, 2D subbands, n-type and
p-type layers), whereas a linear component in the high-
est field suggests and an admixture of the Hall resistance
caused by lateral inhomogeneities [25].
Interestingly and crucially for this work, we find the ex-
istence of low-field temperature-dependent positive MR
in all epilayers regardless of their composition. According
to the theory developed here, we assign this MR to the
Berry phase quantization brought about by symmetries
rather than by a non-trivial character of the topological
phase. In particular, the mirror symmetry leads to WAL
FIG. 2: ARPES results. a-d, Dispersion and correspond-
ing 2nd derivative of ARPES data taken at 12 K with photon
energy of 18 eV in the vicinity of the Γ¯ point. a,c, Results
trivial Pb0.94Sn0.06Se (band gap of 84 meV) and b,d, topo-
logical Pb0.81Sn0.19Se epilayers (gapless states with Dirac dis-
persion, as observed previously [18–20]). Sample surfaces are
n-type. c, 2nd derivative plots confirm the presence of gaped
precursor surface states in the trivial phase [21, 22]. e, Sur-
face band gaps measured at several temperatures (points) are
well described, above the topological phase transition, by the
semi-empirical Grisar formula [23] for the bulk band gap (solid
lines) thus proving a negligible effect of strains on the band
structure of the studied epilayers.
even if time-reversal symmetry is slightly broken. Within
this scenario and by noting that we expect the phase co-
herence length lφ to be larger than the film thickness
d = 50 nm, the MR is described by the Hikami-Larkin-
Nagaoka (HLN) theory in the limit lφ  lso, where lso
is the spin diffusion length limited be spin-orbit interac-
tions [26]. In our case, as shown in Fig. 3d, MR for all
epilayers can be fitted by the one-channel formula treat-
ing lφ(T ), as the only fitting parameter. This means that
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FIG. 3: Determination of the coherence length lφ(T ) from MR data in the magnetic field perpendicular to
the epilayer plane. a, Photo of a processed Hall-bar (epilayer B, xSn = 0.11); conducting channel resides on a flat area,
avoiding cleavage steps of the BaF2 substrate (scale bar is 200 µm). b,c, Longitudinal ρxx (black symbols) and Hall (red
symbols) ρyx resistivities in high (main figures) and weak fields (insets) in epilayers that are uncovered (b) and covered by Se
(c). (d) Evolution of the WAL-like low-field MR with increasing temperature in uncovered (upper panel) and Se covered (lower
panel) epilayers. Experimental points (empty squares) are fitted to the one-channel HLN expression in the strong spin-orbit
approximation (solid lines) treating lφ(T ) as an adjustable parameter. e, Determined values of lφ(T ) in epilayers uncovered
be Se increase down to 1.5 K (black and red), while in Se covered epilayers lφ(T ) saturates at lower temperatures (blue and
magenta). Typical values of lso(T ) obtained from the full HLN expression (see Supplementary Information).
lφ is longer than length scales characterizing scattering
between subbands and valleys (including surface ones in
the topological case) as well as between n and p-type lay-
ers. Alternatively, and more probably, because of short
length scales characterizing the p-type region, the cor-
responding WAL or WL MR is shifted to a high field
region, so the low field features are solely due to elec-
trons residing closer to the outer surface. It is important
recalling that if only one of the parallel layers shows MR,
the one channel formula remains valid [27]. As shown
in Supplementary Information, by fitting the data to the
full HLN formula we find lso ≈ l, which substantiates
our conjecture that in our case WAL MR stems from the
Berry phase quantization, and not from spin rotation by
a spin-orbit field resulting in lso  l.
For further analysis, we assume that the decay of the
WAL magnitude (Fig. 3d) with increasing temperature is
solely due to the suppression of lφ by inelastic scattering
whose rate grows with temperature. In the samples with-
out Se layers, lφ(T ) follows the power law T
−p/2, with p
ranging from 1.4 to 2.6, which corresponds to electron-
phonon dephasing mechanism, without any tendency to
saturation down to 1.5 K (Fig. 3e). By contrast, in the Se
covered epilayers lφ(T ) tends to saturate at temperatures
below ≈ 5 K. We have fitted lφ(T ) in Se covered epilayers
with (A0+A1T
p)−1/2, which results in the similar values
for p, ranging from 1.8 to 2.8 with lφ(1.5 K) ≈ 1− 2 µm
and 150− 400 nm in uncovered and Se covered samples,
respectively.
In Supplementary Information, we argue why the rea-
sons put previously forward to explain the saturation of
lφ(T ) at low temperatures [28, 29] are of minor impor-
tance here. Actually, our results find an elegant explana-
tion with the help of the theory proposed here. At high
temperature, WAL is still governed by the thermally sup-
pressed lφ even if time-reversal symmetry is weakly bro-
5ken. In bare epilayers, WAL is protected by the quantized
Berry phase ϕ = pi due to the M, thus lφ continues to
increase with cooling down. In Se capped epilayers there
is a different situation: long interference paths, which are
relevant for large values of lφ, do not contribute to WAL,
since scattering between states at the Fermi level, allowed
by mirror symmetry breaking, randomizes the wave func-
tion phase φ and average it to zero. Thus, there is a
new length scale, which limits an increase of WAL MR
with lowering the temperature, similarly to the effect of
spin-disorder scattering and Zeeman splitting considered
previously [26, 30, 31]. The role of the crystalline mirror
symmetry is further on supported by stronger deviations
of the Berry phase from the quantized value ϕ = pi with
the Zeeman field if reflection symmetry is broken, the
expectation confirmed by the experimental data in the
fields parallel to the film plane, as shown in Fig. 4.
In summary, our theoretical and experimental results
demonstrate the existence of the hitherto overlooked
length scale in quantum coherence phenomena. This new
length is associated with the crystal symmetry breaking
rather than with a topological phase transition or with
the violation of time reversal or spin rotation symmetries
considered so far. This offers new prospects in controlling
carrier quantum transport by system architectures.
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Methods
Sample growth Thin Pb1−xSnxSe films have been
deposited on freshly cleaved (111) BaF2 substrates by
molecular beam epitaxy (MBE) in the PREVAC 190
growth chamber with the base pressure below 10−9 mbar,
and equipped with elemental Pb, Sn and Se sources. The
flux ratio is controlled by a beam flux monitor placed in
the substrate position. Typical selenium to metal flux ra-
tio was of the order of 3:2. The structural quality of the
film surface is monitored in-situ by the reflection high-
energy electron diffraction (RHEED). The film growth
rate determined by pronounced RHEED oscillations is in
the range 0.1-0.3 nm/s. Growth conditions, namely the
ratio of beam fluxes and the growth temperature have
been thoroughly optimized to obtain high quality thin
films of a thickness of 50 nm with Sn content varying from
0 to 0.40. The amorphous Se cap layer was confirmed to
be insulating in a separately checked Se/BaF2 structure.
XRD structural analysis of Se covered samples revealed
no additional strains compared to the bare epilayers. We
have also checked that the mobilities in Se covered films
are typically higher than in the absence of the cover (see
Supplementary Information for details), indicating that
the Se cover does not lead to any kind of reduction of the
sample quality. The Se cap also serves as a protection
against contamination for ARPES measurements.
Sample characterization The XRD measurements
were performed by PANalytical X’Pert Pro MRD diffrac-
tometer with a 1.6 kW x-ray tube (vertical line focus)
with CuKα1 radiation (λ = 1.5406A˚), a symmetric 4 ×
Ge (220) monochromator and for high resolution mea-
surements a channel-cut Ge(220) analyzer. AFM images
were obtained in tapping mode using Veeco Nanoscope
IIIa microscope. Additional morphological and compo-
sition characterization was accomplished by field emis-
sion scanning electron microscopy (FE-SEM) with Neon
40-Auriga Carl Zeiss microscope equipped with energy
dispersive x-ray spectroscopy (EDX) system QUAN-
TAX 400 Bruker. The electronic band structure of the
films was verified by angle-resolved photoemission spec-
troscopy (ARPES) at UE112 PGM-2a-12 beamline of
BESSY II (Berlin) in the photon energy range 15-90 eV
and horizontal light polarization using a six-axes auto-
mated cryomanipulator and a Scienta R8000 electron
spectrometer. Typical energy and angular resolutions
were better than 20 meV and 0.5◦, respectively.
Sample patterning and magnetotransport mea-
surements Grown epilayers were further processed for
magnetoresistance (MR) measurements to the form of
Hall bars by e-beam lithography and Br wet etching with
the long arm along a 〈110〉 direction revealed by cleavage
7of BaF2. The in-plane magnetic field was oriented along
the current in the tilted field experiments. Resistivity
measurements were performed in an 8 T/1.5 K cryostat,
using a standard lock-in technique at 20 – 30 Hz with
the excitation current from 1 µA down to 10 nA at the
lowest temperature. We checked that lowering of current
down to 1 nA does not affect positive low-field magne-
toresistance, meaning that the saturation of the phase
breaking length at low temperatures in samples covered
by Se cannot be explained by Joule heating.
Data availability
The result presented in Figs. 2-4 are available as
source data with the paper. All other data that sup-
port the plots within this paper and other findings of
this study (including those in Supplementary Informa-
tion) are available from the corresponding authors upon
reasonable request.
Code availability
The code supporting Fig. 1 and other findings of this
study (including those in Supplementary Information) is
available from W.B. and T.H. upon request.
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Supplementary Information
Mirror-symmetry protected quantization of Berry phases and resulting
magnetoresistance across the topological transition in Pb1−xSnxSe
I. MIRROR AND TIME-REVERSAL SYMMETRY PROTECTED QUANTIZATION OF THE BERRY
PHASES FOR NON-DEGENERATE BANDS
In this section, we assume that all bands are non-degenerate due to the absence of the inversion symmetry. We
show that in the presence mirror symmetry the Berry phases for all mirror-symmetric Fermi loops (the Fermi loop
maps back to itself in the mirror symmetry operation) are quantized to 0 or pi. Then we show that in the presence of
time-reversal symmetry the Berry phases for all time-reversal-symmetric Fermi loops (the Fermi loop maps back to
itself in the time-reversal symmetry operation) are quantized to pi.
Consider the eigenstates
∣∣∣ψ(n)θ 〉 belonging to the nth energy band forming a Fermi loop around Γ (or M1) point
parametrized by angle θ ∈ [−pi, pi). Since θ is periodic variable
∣∣∣ψ(n)θ 〉 can acquire a Berry phase by a parallel shift
along the loop. The gauge-invariant form of the Berry phase is given by,
ϕn = arg
[〈
ψ
(n)
−pi
∣∣∣ψ(n)−pi+δθ〉〈ψ(n)−pi+δθ∣∣∣ψ(n)−pi+2δθ〉. . .〈ψ(n)pi−2δθ∣∣∣ψ(n)pi−δθ〉〈ψ(n)pi−δθ∣∣∣ψ(n)−pi〉] . (S1)
where δθ is an infinitesimal step in angle θ. Now we will consider the impact of time-reversal and mirror symmetries
on possible values of ϕn.
First, we consider the mirror symmetry. Its action on the
∣∣∣ψ(n)θ 〉 states is shown in Fig. S1a. We assume that for
0 ≤ θ ≤ pi we obtain all
∣∣∣ψ(n)θ 〉 states by diagonalizing the Hamiltonian and we define −pi ≤ θ < 0 states as∣∣∣ψ(n)−θ 〉 =M ∣∣∣ψ(n)θ 〉 . (S2)
We can decompose the Berry phase as ϕ = arg [χ−χ+] with
χ− =
〈
ψ
(n)
−pi
∣∣∣ψ(n)−pi+δθ〉. . .〈ψ(n)−2δθ∣∣∣ψ(n)−δθ〉〈ψ(n)−δθ∣∣∣ψ(n)0 〉,
χ+ =
〈
ψ
(n)
0
∣∣∣ψ(n)δθ 〉〈ψ(n)δθ ∣∣∣ ψ(n)2δθ〉. . .〈ψ(n)pi−δθ∣∣∣ψ(n)−pi〉. (S3)
Using mirror symmetry M we can relate terms of χ− and χ+ as,〈
ψ
(n)
−θ−δθ
∣∣∣ψ(n)−θ 〉=〈ψ(n)θ+δθ∣∣∣M†M∣∣∣ψ(n)θ 〉=〈ψ(n)θ+δθ∣∣∣ψ(n)θ 〉. (S4)
Therefore most of the phases in ϕ cancel and we get
ϕn = arg
[〈
ψ(n)pi
∣∣∣ ψ(n)pi−δθ〉〈ψ(n)pi−δθ∣∣∣M∣∣∣ψ(n)pi 〉〈ψ(n)δθ ∣∣∣M†∣∣∣ψ(n)0 〉〈ψ(n)0 ∣∣∣ψ(n)δθ 〉]. (S5)
On the other hand, we know that
∣∣∣ψ(n)0 〉 and ∣∣∣ψ(n)pi 〉 are eigenstates of M with eigenvalues ±1. Hence we have〈
ψ
(n)
pi−δθ
∣∣∣M∣∣∣ψ(n)pi 〉 = 〈ψ(n)pi−δθ∣∣∣ψ(n)pi 〉〈ψ(n)pi ∣∣∣M∣∣∣ψ(n)pi 〉,〈
ψ
(n)
δθ
∣∣∣M†∣∣∣ψ(n)0 〉 = 〈ψ(n)δθ ∣∣∣ψ(n)0 〉〈ψ(n)0 ∣∣∣M∣∣∣ψ(n)0 〉, (S6)
and consequently
ϕn=arg
[〈
ψ(n)pi
∣∣∣M∣∣∣ψ(n)pi 〉〈ψ(n)0 ∣∣∣M∣∣∣ψ(n)0 〉]. (S7)
This proves that in the presence of the mirror symmetry M the Berry phase is quantized as ϕn = 0, pi.
Now consider a time-reversal symmetry T = UT K, where UT is unitary operator and K is complex conjugation
operator. We assume that the time-reversal symmetry satisfies T 2 = −1 so that UT UT = − 1, where bar means
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FIG. S1: Action of time-reversal T and mirror M symmetries on states belonging to the Fermi loop around Γ
point. Points along the loop are parametrized by the angle θ in respect to the mirror line (dashed). a, Mirror symmetry maps
state
∣∣∣ψ(n)θ 〉 onto ∣∣∣ψ(n)−θ 〉. b, Time-reversal maps state ∣∣∣ψ(n)θ 〉 onto ∣∣∣ψ(n)θ+pi〉.
complex conjugate. We assume that for −pi ≤ θ < 0 we obtain all
∣∣∣ψ(n)θ 〉 states by diagonalizing the Hamiltonian and
we define 0 ≤ θ < pi states as ∣∣∣ψ(n)θ+pi〉 = T ∣∣∣ψ(n)θ 〉 = UT ∣∣∣ψ(n)θ 〉, (S8)
Now we want to express terms in χ+ by those in χ−. We have that〈
ψ
(n)
θ+pi
∣∣∣ψ(n)θ+pi+δθ〉=〈ψ(n)θ ∣∣∣UT†UT ∣∣∣ψ(n)θ+δθ〉=〈ψ(n)θ+δθ∣∣∣ψ(n)θ 〉. (S9)
Therefore most of the phases in ϕ cancel and we get
ϕn = arg
[〈
ψ
(n)
−δθ
∣∣∣ψ(n)0 〉〈ψ(n)pi−δθ∣∣∣ψ(n)−pi〉] = arg [〈ψ(n)−δθ∣∣∣ψ(n)0 〉〈ψ(n)−δθ∣∣∣UT†UT†∣∣∣ψ(n)0 〉] = arg [− ∣∣∣〈ψ(n)−δθ∣∣∣ψ(n)0 〉∣∣∣2] = pi.
(S10)
Hence, we have proved that in the presence of time-reversal symmetry satisfying T 2 = −1 the Berry phases are
quantized to pi. We point out that if the time-reversal symmetry satisfies T 2 = 1 the Berry phases are quantized to 0.
II. THE MULTILAYER HAMILTONIAN AND THE SYMMETRIES
Our starting point is the tight-binding Hamiltonian for SnTe-material class [1],
H = m
∑
j
(−1)j
∑
r,α
cˆ†jα(r) · cˆjα(r) +
∑
j,j′
tjj′
∑
〈r,r′〉,α
cˆ†jα(r) · dˆrr′ dˆrr′ · cˆj′α(r′)−
∑
j
iλ
∑
r,α,β
cˆ†jα(r)× cˆjβ(r) · σˆα,β , (S11)
where cˆjα(r) are vectors of fermionic operators corresponding to px-, py- and pz-orbitals and the indices denote the
sublattice j ∈ {1, 2} [(Sn,Pb)/(Te,Se) atoms], spin α and lattice site r. Here σˆα,β is a vector of Pauli matrices, dˆrr′
are unit vectors pointing from r to r′ and the next-nearest-neighbour hoppings satisfy t11 = −t22.
Defining the unit cell as two atoms at positions (0, 0, 0) and (0, 0, 1) (taking one interatomic distance as a length unit)
and the lattice translation vectors as ~a1 = (1, 0, 1), ~a2 = (0, 1, 1) and ~a3 = (0, 0, 2) we find that the three-dimensional
bulk Hamiltonian can be represented in momentum space as [2],
H(~k) = m12⊗13⊗τz + t12
∑
α=x,y,z
12⊗
(
13−L2α
)⊗h(1)α (~k) + t11∑
α6=β
12⊗
(
13− 12 (Lα+εαβLβ)2
)
⊗h(2)αβ(~k)
+
∑
α=x,y,z
λσα⊗ Lα ⊗ 12, (S12)
where ~k = (k1, k2, k3), εαβ is a Levi-Civita symbol, Lα = −iεαβγ are the 3×3 angular momentum L = 1 matrices and
spin-orbit coupling is given by λ. The mass difference between the two sites of the unit cell is encoded in a pseudospin
S3
τz Pauli matrix and matrices h
(1)
α (~k) and h
(2)
αβ(
~k) describe hopping between nearest neighbors
h(1)x = [cos k1 + cos(k1 − k3)]τx + [− sin k1 + sin(k1 − k3)]τy,
h(1)y = [cos k2 + cos(k2 − k3)]τx + [− sin k2 + sin(k2 − k3)]τy,
h(1)z = [1 + cos k3]τx − sin k3τy,
and next-nearest neighbors
h(2)xy = 2 cos(k1 + k2 − k3)τz, h(2)yx = 2 cos(k1 − k2)τz,
h(2)xz = 2 cos k1τz, h
(2)
zx = 2 cos(k1 − k3)τz,
h(2)yz = 2 cos k2τz, h
(2)
zy = 2 cos(k2 − k3)τz.
The two-dimensional multilayer system composed of (111) layers can be obtained from H(~k) by replacing quasimo-
menta k3 by a real-space hopping matrix structure
H(1,1,1)(k1, k2) =

Hin Hout 0 0 0
H†out Hin Hout 0 0
0 H†out Hin
. . . 0
0 0
. . .
. . . Hout
0 0 0 H†out Hin
 , (S13)
where diagonal blocks are given by
Hin(k1, k2) = m12⊗13⊗τz + t12
∑
α=x,y,z
12⊗
(
13−L2α
)⊗h(1)α,in(k1, k2)
+ t11
∑
α6=β
12⊗
[
13− 12 (Lα+εαβLβ)2
]
⊗h(2)αβ,in(k1, k2) +
∑
α=x,y,z
λσα⊗ Lα ⊗ 12, (S14)
and off-diagonal ones by
Hout(k1, k2) = t12
∑
α=x,y,z
12⊗
(
13−L2α
)⊗h(1)α,out(k1, k2) + t11∑
α6=β
12⊗
[
13− 12 (Lα+εαβLβ)2
]
⊗h(2)αβ,out(k1, k2). (S15)
The matrices describing hopping are now given by
h
(1)
x,in = cos k1τx − sin k1τy, h(1)x,out = 12e−ik1τx + i2e−ik1τy,
h
(1)
y,in = cos k2τx − sin k2τy, h(1)y,out = 12e−ik2τx + i2e−ik2τy,
h
(1)
z,in = τx, h
(1)
z,out =
1
2τx +
i
2τy,
for the nearest neighbors and for the next-nearest neighbors the only non-vanishing matrices are
h
(2)
yx,in = 2 cos(k1 − k2)τz, h(2)xy,out = e−i(k1−k2)τz,
h
(2)
xz,in = 2 cos k1τz, h
(2)
zx,out = e
−ik1τz,
h
(2)
yz,in = 2 cos k2τz, h
(2)
zy,out = e
−ik2τz.
(S16)
Additionally, we may add a surface potential term to the Hamiltonian H(1,1,1)(k1, k2) in a form of
Vsurf = VsdiagL(0, . . . , 0, 116 , 18 , 14 , 12 , 1)⊗12⊗13⊗12, (S17)
where diagL(d1, . . . ,dL) means a diagonal matrix with entries given by d1, . . . , dL and Vs is the height of the potential.
The important symmetries of the model are mirror reflection symmetry with respect to the (110) plane
MH(1,1,1)(k1, k2)M−1 = H(1,1,1)(k2, k1), M = 1√21L⊗(σx − σy)⊗
[
(Lx − Ly)2 − 13
]⊗12 (S18)
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FIG. S2: Fermi loops and their Berry phases (in the units of pi) in presence of the symmetry-breaking terms
(all energies in eV). a, Mirror symmetry is preserved and time-reversal symmetry is weakly broken ~h = (−0.01, 0.01, 0). b,
Mirror symmetry is preserved and time-reversal symmetry is strongly broken ~h = (−0.02, 0.02, 0). c, Mirror and time-reversal
symmetries are strongly broken γ = 0.4 and ~h = (−0.02, 0.02, 0). In the presence of mirror symmetry the Berry phases of
mirror-symmetric Fermi loops are quantized to 0 or pi, depending on the strength of the Zeeman field. If both symmetries are
broken all Berry phases are arbitrary. The other parameters in all cases are: L = 10, m = 1.91, t12 = 0.9, t11 = 0.5 λ = 0.3
and µ = −0.25.
and the time-reversal symmetry
T H(1,1,1)(k1, k2)T −1 = H(1,1,1)(−k1,−k2), T = iK1L⊗σy⊗13⊗12. (S19)
Finally, the orthogonal surface quasimomenta kx˜ and ky˜, used in Figs. 1, S2 and S3, are defined as
kx˜ = k2, ky˜ =
1√
3
(2k1 − k2). (S20)
III. BERRY PHASES IN THE SYMMETRY-BROKEN CASES
In this section, we discuss how various perturbations breaking the symmetries of the model are included in the
theory, and we calculate the effect of these perturbations on the Berry phases. The mirror symmetry breaking can
appear due to intentional structural distortions or unintentional inhomogeneities and time-reversal symmetry breaking
perturbations can be present due to various mechanisms [3–7]. Here, our aim is not to realistically model the breaking
of these symmetries in real materials but rather to demonstrate the important role of the time-reversal and mirror
symmetries in the quantization of the Berry phase and the WAL effect.
To break time-reversal symmetry we consider a Zeeman field ~h coupling to spins ~σ
Hmag = 1L⊗~h · ~σ⊗13⊗12. (S21)
To break mirror symmetryM on one surface of the system we modify the L-th diagonal block Hin in H(1,1,1)(k1, k2)
of equation (S13) by setting hopping amplitude in x direction as different than in y direction, i.e.,
h
(1)
x,in → (1 + γ)h(1)x,in, h(2)xz,in → (1 + γ)h(2)xz,in, h(2)zx,in → (1 + γ)h(2)zx,in
h
(1)
y,in → (1− γ)h(1)y,in, h(2)yz,in → (1− γ)h(2)yz,in, h(2)zy,in → (1− γ)h(2)zy,in,
where γ describes the strength of mirror symmetry breaking.
For Fig. 1 we have diagonalized H(1,1,1)(k1, k2) with L = 10 layers taking the following parameters (all in eV)
• Fully symmetric
– Non-trivial: m = 1.91, t12 = 0.9, t11 = 0.5 λ = 0.3 and chemical potential µ = −0.25.
– Trivial: m = 2.208, t12 = 0.9, t11 = 0.5 λ = 0.3, Vs = 0.5 and µ = −0.35.
• Broken time-reversal
– Non-trivial: m = 1.91, t12 = 0.9, t11 = 0.5 λ = 0.3, ~h = (−0.01, 0.01, 0) and µ = −0.25.
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FIG. S3: Fermi loops and their Berry phases (in the units of pi) in presence of the symmetry-breaking terms (all
energies in eV). a, Mirror symmetry is preserved and time-reversal symmetry is weakly broken ~h = (−0.01, 0.01, 0) and b,
Mirror and time-reversal symmetries are strongly broken γ = 0.4 and ~h = (−0.02, 0.02, 0). In the presence of mirror symmetry
the Berry phases of mirror-symmetric Fermi loops are quantized to 0 or pi, depending on the strength of the Zeeman field. If
both symmetries are broken all Berry phases are arbitrary. The other parameters in all cases are: L = 10, m = 0.8, t12 = 0.9,
t11 = 0.1, λ = 0.5 and µ = −0.2.
– Trivial: m = 2.208, t12 = 0.9, t11 = 0.5 λ = 0.3, Vs = 0.25, ~h = (−0.01, 0.01, 0), and µ = −0.35.
• Broken mirror and time-reversal
– Non-trivial: m = 1.91, t12 = 0.9, t11 = 0.5 λ = 0.3, γ = 0.4, ~h = (−0.01, 0.01, 0) and µ = −0.25.
– Trivial: m = 2.208, t12 = 0.9, t11 = 0.5 λ = 0.3, Vs = 0.25, γ = 0.4, ~h = (−0.01, 0.01, 0) and µ = −0.35.
For the Fig. 4 we have used m = 1.91, t12 = 0.9, t11 = 0.5 λ = 0.3, γ = 0.4, h0 = 0.01 and µ = −0.25. The exact
values of the parameters are unimportant for our qualitative considerations. They just determine the exact shape
and the size of the Fermi loops. In the trivial side we have introduced non-zero surface potential Vs. Due to this
potential some of the low-energy states are localized close to the surface forming topologically trivial surface states
in qualitative agreement with the experimental observations.
In Fig. S2 we show we show Fermi loops and Berry phases in the case of broken time-reversal symmetry. When
the mirror symmetry is preserved the Berry phase for mirror-symmetric Fermi loops around Γ and M1 points are
quantized as either 0 or pi. In the case of weakly broken time-reversal symmetry, the Berry phases remain quantized
to pi (Fig. S2a). By increasing the strength of the time-reversal symmetry breaking the Berry phases around the Γ
point become 0 (Fig. S2b). The changes of Berry phases occur at topological transitions where energies of two bands
become degenerate at a particular momentum within the Fermi loops. The Fermi loops around M1 remain non-trivial
up to the larger value of the field and the Berry phases for Fermi loops around other high-symmetry points take
non-quantized values. In the case when all symmetries are broken (Fig. S2c), all the Berry phases are non-quantized.
IV. DIFFERENT SHAPE OF THE FERMI LOOPS
The Fermi loops around M points in Figs. 1 and S2 take form of the ellipses elongated in the direction perpendicular
to Γ −M line. It is however possible in the present model to obtain the elongation parallel to the Γ −M line. In
Fig. S3 we show that effect of the time-reversal and mirror symmetry breaking perturbations on the Berry phases is
the same as before.
V. DEPENDENCE ON THE MIRROR BREAKING FIELD AND ZEEMAN FIELD ANGLE
It is important to determine how robust is tendency of the Berry phase, in presence of the in-plane magnetic
field, to deviate more from the quantized value when the mirror symmetry is broken. If Fig. S4(a) we show the
representative dependence of average deviation of the Berry phase |δφ|av on γ in presence of a small Zeeman field
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FIG. S4: Dependencies of deviation from the quantized value of the Berry phase (averaged over Fermi loops) on:
a, strength of mirror symmetry breaking γ in presence of a weak Zeeman field ~h = (0, 0.001, 0.001) and b,c, in-plane Zeeman
field angle θ for |~h| = 1 in presence of weak b, γ = 0.008 and strong c, γ = 0.4 mirror symmetry breaking. In b,c, we plot
the difference with respect to the γ = 0 case and angles θ1 and θ2 correspond to ~h ∝ −~a1 and ~h ∝ ~a2, respectively. The other
parameters in all cases are: L = 10, m = 1.91, t12 = 0.9, t11 = 0.5, λ = 0.3 and µ = −0.25 (all energies in eV).
in the in-plane direction ~a2. We notice that apart from the small interval between γ = 0 and γ = 0.018 the
deviation is always increased with respect to the mirror symmetric case γ = 0. We also note that the curve shown
in Fig. S4a gets transformed as |δφ|av(γ)→ |δφ|av(−γ) when the Zeeman field is transformed by a mirror symmetry
M : ~h ∝ ~a2 → ~h ∝ −~a1. Therefore, if the mirror symmetry breaking is small, the deviation can be decreased by
choosing the Zeeman field in the ~a2 direction and increased by the field in the −~a1 direction. This is confirmed by
determining the dependence of the deviation |δφ|av on the direction of the in-plane Zeeman field. We parametrize
this field as ~h ∝ cos θ(~a1 + ~a2)/
√
6 + sin θ(~a1 + ~a2)/
√
2 (note that lattice vectors ~ai are not orthogonal) and for fixed
γ we track the difference in deviation of the Berry phase with respect to γ = 0 case as function of θ. In Figs. S4b,c
we show the results for small γ = 0.008 and large γ = 0.4. We have marked the angles θ1 and θ2 that correspond to
mirror-related field directions ~h ∝ −~a1 and ~h ∝ ~a2 (in general case mirror symmetry relates ~h(θ) with ~h(pi − θ)). We
see that for small γ the deviation with respect to mirror-symmetric case is larger for θ = θ2 and smaller for θ = θ1
but for large γ in both cases the deviation is larger.
VI. STRUCTURAL CHARACTERIZATION
Our structural and surface morphology investigations revealed the high structural quality of obtained samples.
The XRD studies show the presence of a single phase from the (111) oriented film and substrate (Fig. S5a). The
presence of atomically sharp surface of the films, which is indicated by streaky RHEED reflections situated on Laue
semicircle (inset to Fig. S5b), is further confirmed by high-resolution XRD measurements (Fig. S5b). A large number
of well-developed Kissing fringes, the result of interference between surface and interface reflected beams, guarantees
a presence of smooth surface and interface of the films. From the relative position of the fringes, the film thickness
is precisely determined. AFM investigations revealed a monolayer flat surface as one can deduce from the AFM
line profile (Fig. S5c). The contours of monolayer steps are clearly defined in the presented AFM image. The
average RMS roughness of 0.345 nm is also consistent with an elevation level difference of 1 monolayer (1 atomic
layer of metal + 1 atomic layer of Se). Due to relatively large lattice constant misfit between the film and substrate
(∆a/a = 1.2−2%), one can expect that films are not completely relaxed. Indeed, small in-plane tensile strains of order
0.2% were determined from XRD reciprocal space maps (RSM) of asymmetric (513) reflection at room temperature
(Fig. S5d). Such small changes of the lattice constant can not result in significant alternations of band structure [8].
Because of negligible difference in thermal expansion coefficient (TEC) of film and substrate (TECBaF2=18.1 10
−6/K,
TECPbSe=19.4 10
−6/K at room temperature [9, 10], we do not expect big changes in the value of strain upon film
cooling. In addition to residual strain determination, asymmetric RSM is used to calculate a fully relaxed lattice
constant and verify the composition of the films according to Vegard’s law [11, 12].
VII. LIST OF SAMPLES AND MAGNETOTRANSPORT CHARACTERIZATION
Upon cooling, all grown epilayers exhibit metallic behaviour (i.e. dRxx/dT > 0). The dependencies R(T ) follow
power law for most samples, except for the PbSe epilayer (Fig. S6). Carrier density and low-temperature mobility
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FIG. S5: Structural characterization of obtained samples. a, XRD spectra of three samples with different Sn content
indicating of (111) oriented single phase from films and substrate. b, High resolution XRD spectrum of Pb0.78Sn0.22Se film
around (222) reflection showing high order of thickness fringes; the insets represent streaky RHEED pattern obtained along
[110] azimuth for the same sample (left) and XRD RSM in the vicinity of symmetric (222) reflection (right). c, Typical AFM of
the film with extracted line profile demonstrating monolayer thick roughness. d, XRD (513) asymmetric RSM with relaxation
triangle evidencing the presence of small strains in the films.
are extracted from the slope of the Hall resistivity measured up to 2 T and zero-field resistivity. According to such
measurements, the PbSe epilayer has relatively low hole density, 3× 1017 cm−3, and high mobility, 3.8× 103 cm2/Vs.
Addition of Sn rapidly increases the Hall carrier density, thus all studied Pb1−xSnxSe films are p-type and their carrier
densities and mobilities are in the range of (0.5 – 2.3) × 1019 cm−3 and (0.5 – 2) × 103 cm2/Vs, respectively. High
carrier densities and relatively low mobilities are associated with the presence of highly disordered p-type region at
the interface with BaF2 [13, 14]. Table S1 contains detailed information on the studied epilayers.
According to data collected in Fig. S7, magnetoresistance (MR) in all studied epilayers is similar. In particular, there
is a pronounced dip of resistance around B = 0, which is associated with the Berry phase positive magnetoresistance.
In the higher field range, MR is parabolic, which smoothly changes to a linear behaviour in the strongest fields. Such
high-field linear MR is usually explained by semiclassical models [15–17], where it arises from spatial variations of
carrier density. Such behaviour is well described with the semi-empirical model [16, 18, 19]:
ρxx(B) =
ρxx(0)
1− 2A+ 2A√
1+(µB)2
. (S22)
In high in-plane magnetic field (B ‖ I), most of the studied epilayers exhibited negative longitudinal MR (Fig. 3),
however, in several epilayers, longitudinal resistance increase with the field (Fig. 3). We have not found any correlation
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TABLE S1: Parameters of the studied epilayers: tin content x; film thickness d; apparent hole concentration p, mobility µ
and mean free path l determined from the Hall and resistivity data; the phase coherence length extracted from the HLN fit,
equation (S23) at 1.5 K.
Epilayer Se covered Sn content, % d, nm p, 1019cm−3 µ, cm2/Vs l, nm lφ at 1.5 K, nm
A no 9.0 52 1.20 1200 34.9 1080
B no 11.2 50 1.37 950 21.7 1890
C no 16.6 50 1.57 490 7.9 760
D no 19.5 52 2.32 540 17.7 910
E no 24.0 50 1.71 930 25.1 1830
F yes 0.0 44 0.03 3850 125 400
G yes 6.5 47 0.49 2080 63 310
H yes 13.6 53 1.26 480 5 270
I yes 15.9 54 1.26 1120 18 370
J yes 30.0 50 2.1 690 47 150
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FIG. S6: Temperature dependence of the resistivity. a, Uncovered samples; b, samples covered by Se.
between the MR sign and composition of the films. Such behaviour may be associated with disorder; model calculations
[20] showed that inhomogeneity along the growth direction can induce negative longitudinal MR.
VIII. FITTING EXPERIMENTAL DATA WITH FULL HLN EXPRESSION
According to the theory developed here, the low-field MR is assigned to the Berry phase quantization brought about
by the mirror and time reversal symmetries rather than by a non-trivial character of the topological phase. Within
this scenario and by noting that the phase coherence length lφ is larger than the film thickness d = 50 nm, the MR
has been described by the Hikami-Larkin-Nagaoka (HLN) theory in the limit lφ  lso, where lso is the mean free
path for spin-orbit scattering [21],
∆σxx(B) = −
nv∑
i
e2
2pi2~
f
(
~c
4el2φ,iB
)
/2, (S23)
where the magnetic field B is perpendicular to the film plane; the summation is over independent conduction channels,
f(x) ≡ ψ(1/2 + x) − ln(x), ψ(x) is the digamma function, lφ,i is the phase coherence length in the i’th conduction
channel. In our case, as shown in Fig. 3d in the main text, MR for all epilayers can be fitted by the one-channel formula,
nv = 1 treating lφ(T ), as the only fitting parameter. This means that lφ,i are longer than length scales characterizing
scattering between subbands and valleys (including surface ones in the topological case) as well as between n and
p-type layers. Alternatively, and more probably, because of short length scales characterizing the p-type region, the
corresponding WAL or WL MR is shifted to a high field region, so the low field features are solely due to electrons
residing closer to the outer surface. It is important recalling that if only one layer shows MR, equation (S23) with
nv = 1 remains valid even in the multichannel case.
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FIG. S7: Magnetoresistivity in a high field range. a-e, Uncovered samples; f-j, samples covered by Se. The data for
the magnetic field perpendicular and parallel to the film plane are shown by black and red symbols, respectively. Black lines
present the best fit to equation (S22).
The simplified HLN formula (equation (S23)) is assumed to be valid in the case of the topological surface state
for which the Berry phase is quantized. Resulted presented in Fig. 3 of the main text show that this is also in the
case of bulk-dominated transport (Fermi level in the conduction band) and even in the topologically trivial materials.
To check the validity of the simplified HLN expression, we have fitted experimental data employing the full HLN
expression,
∆σxx(B) =
e2
2pi2~
[
f
(
B1
B
)
+ f
(
B2
B
)
+ f
(
B3
B
)]
, (S24)
where
B1 = Be +BSO +Bs,
B2 =
4
3
Bso +
2
3
Bs +Bφ,
B3 = 2Bs +Bφ.
(S25)
The fields Be, Bso, Bs and Bφ are related to the mean free path l, the spin diffusion length limited by spin disorder
scattering ls and spin-orbit coupling lso, and the phase coherence length lφ according to Bi =
~
4el2i
. Results of the best
fit of experimental data at 4.2 K are presented in Fig. S8. Since there is no magnetic doping, we assume that Bs = 0;
values of the mean free path extracted from zero-field mobility are used for Be, thus there are only two adjustable
parameters, lφ and lso. Fitting experimental data at 4.2 K results in lso values below 60 nm, i.e., comparable to l and
several times shorter than lφ. Moreover, fitting results do not change appreciably with varying lso towards even lower
values, so that using the simplified HLN expression in a strong SO coupling limit is justified. The only exception here
is PbSe/Se epilayer, for which it was impossible to fit with the simplified HLN expression, as a large magnitude of
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FIG. S8: Low-field magnetoconductivity at 4.2 K fitted with the full HLN expression (equation (S24)).
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FIG. S9: Temperature dependence of the phase coherence length obtained from fit to the HLN formula. a,
Se-uncovered epilayers. b, Se-covered epilayers. No saturation is observed for uncovered epilayers down to 1.5 K.
the mean free path l = 125 nm makes that the condition B < Be is violated for this sample [22]. It worth noting that
fitting of WAL MR data at different temperatures with the full HLN expression (S24) results in lso values that are
temperature independent within the accuracy of the fitting.
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TABLE S2: Published values for lφ in topological insulators
Material Thickness Temperature lφ Temperature dependence
TI materials
Bi2Te3 [S 30] 5-100 QL 1.5 K 100-1000 nm —
Bi2Te3 [30] 5-100 QL 1.5 K 100-1000 nm —
Bi2Se2Te [31] 50 nm 1.9 K 320 nm ≈ T−0.44
Bi2Te3 [32] 5-128 QL 1.5 K 800 nm —
Bi2SeTe2 [33] 15 nm 7 K 60 nm ≈ T−0.75
Bi1.5Sb0.5Te2 [34] 90 nm 4.2 K 160 nm ≈ T−0.5
Bi2Te3 [35] 65 nm 1 K 300 nm ≈ T−0.24
Bi2Te3 [36] 40 QL 2 K 1000 nm ≈ T−0.75
Bi2SeTe2 [37] bulk (∼0.4 mm) 2 K 140 nm ≈ T−0.5
Bi1.46Sb0.54Te1.7Se1.3 [38] 130 nm 2 K 116 nm ≈ T−0.46
Bi2Se3 [39] 6-54 nm 2 K 40-120 nm ≈ T−0.5
BiSbSe2Te [40] 50-90 nm 2 K 86 nm ≈ T−0.58
Bi2Se2Te [41] 100-120 nm 1.8 K 57 nm ≈ T−0.44
Bi2Te3/Te [42] 15 nm 0.1 K 1500 nm —
Bi2Se3 [43] 30 nm 10 K 318 nm ≈ T−0.51
Bi2SeTe2 [44] 15 nm 2 K 120 nm ≈ T−0.44
Sb2Te3 [19] 8 QL 1.8 K 150 nm ≈ T−0.37
TCI materials
SnTe [45] 30-60 nm 2 K 200-400 nm —
SnTe [24] 46 nm 4 K 200 nm ≈ T−0.51
SnTe [24] 74 nm 4 K 600 nm ≈ T−1.4
Pb1−xSnxSe [25] 10-16 nm 2 K 250-350 nm from T−0.65 to T−1.65
(Pb0.65Sn0.35)0.98In0.02 [46] bulk (0.2-0.6 mm) 5 K 123 nm —
Pb0.6Sn0.4Te [47] 20 nm 2 K 147 nm —
SnTe [48] 10 u.c. 1.8 K 200 nm —
SnTe [26] 10-100 nm 1.7 K 350-1020 nm from T−0.87 to T−1.03
IX. COMPARISON OF COHERENCE LENGTH VALUES TO PUBLISHED DATA
Reported values for lφ for topological materials differ significantly, and depend, most likely, on particular growth
and processing conditions. However, one can notice (see Table S2) that despite variation in particular values of lφ,
data for topological insulators (TIs) show a similar temperature dependence ≈ T−p/2 with p ≈ 1, which points to the
dominance of e-e interactions in 2D [23]. Published data for TCI materials is more scarce, but there are several works
[24–26], which report lφ temperature dependence with p are in the range from 1 to 3. This suggests that the role of
the e-e dephasing mechanism is reduced. Though at low temperatures the dominant mechanism of dephasing is e-e
scattering [27], this source of dephasing is suppressed due to a large magnitude of the dielectric constant in the studied
materials. Thus, in our case electron-phonon (e-ph) interactions dominate in the dephasing process. Indeed, e-ph
interactions results in p = 2, 3, or 4; with particular value depending on the details of the studied system [28, 29]).
Our results agree with the published data for TCI materials. Also, values of lφ rarely exceed 1 µm at 1-2 K. Thus
values of lφ in the current study, obtained in samples without Se cap at 1.5 K (1-2 µm, see Fig. S9 and Table S1) are
one of the largest among topological materials [24, 26]. With the support of the published data, we can argue that
the dephasing mechanism in IV-VI TCI compounds differs from the one in V-VI TI materials and, most likely, the
role of e− e interactions is diminished.
X. POSSIBLE MECHANISMS LEADING TO SATURATION OF lφ(T )
Figure S9 demonstrates that lφ(T ) in Se-caped samples ceases to increase with lowering temperature below 4 K.
We argue that the reasons put previously forward to explain the saturation of lφ(T ) at low temperatures [29, 49] are
of minor importance here. In particular, the carrier heating or unintentional magnetic doping cannot be responsible
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FIG. S10: Comparison of low-field magnetoconductance in perpendicular and parallel configurations. The data
(black symbols – perpendicular field; red symbols – parallel field) have been taken at 4.2 K for samples with Sn content
corresponding to the topologically trivial (a,c) and non-trivial (b,d) phase. Grey lines are best fits to black symbols employing
the HLN formula (Eq. (S23); orange and red lines WAL in the parallel field with β as single adjustable parameter (Eq. (S26),
orange lines) and WAL in the parallel field with α and β as adjustable parameters (red lines). Eq. (S26) with two adjustable
parameters describes data better, though results in lower values for |α| < 0.5 and much higher values for β > 1/3. Values for
lφ were obtained through HLN fitting in perpendicular field (grey curve). A comparison of the data for samples uncovered and
covered by amorphous Se is shown in Fig. 4 of the main text.
for the difference between capped and uncapped samples because the samples have been measured under similar
conditions (as elaborated in Methods), MR is independent of the current magnitude and both types of epilayers have
been grown in the same MBE chamber. Relatively large Hall bar dimensions (10-100 µm) exclude finite size effects.
Furthermore, as shown in Sec. VIII, fitting MR to the full HLN expression, i.e., containing lso and the mean free path
l explicitly, confirms that lso ≈ l lφ (Fig. 3e in the main body of the paper), which rules out a cross-over from WAL
to WL.
Furthermore, the reduction of lφ(T ) in Se covered samples might be partially explained by additional decoherence
due to the presence of two-level systems (TLSs) in amorphous solids, but the corresponding theory [50] suggests that
this would not lead to full saturation of lφ(T ) at low temperatures. Furthermore, the presence of TLSs would not
explain different MR observed in Se-uncovered and covered samples in the parallel fields, shown in Fig. 4 of the main
body of the paper and discussed in the next section.
XI. FITTING MR IN PARALLEL FIELDS
As discussed in the main text and shown there in Fig. 4, we have also studied low-field MR for the magnetic field
applied in-plane, along the current direction. In the parallel field, the WAL effect does not disappear and exhibits a
similar magnitude as in the perpendicular field, as shown in Fig. S10. In the past, conventional WL MR in a parallel
field was considered for diffusive films, l d, where d is the film thickness [51], later for the clean films, i.e, quantum
wells, l  d [52], and finally for the intermediate regime [53] (l ' d). All these theories predict a similar logarithmic
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shape of ∆σxx(B‖),
∆σxx(B‖) = α
e2
2pi2~
ln
(
1 + β
e2d2l2φ
~2
B2
)
, (S26)
where the prefactor α = 1 for the WL and one channel case; the dimensionless parameter β = 1/3 in the diffusive limit,
d l [51] β = (1/16)d/l in the clean limit [52], and in the intermediate regime d/16l < β < 1/3 [53]. These theories
neglect the presence of Zeeman splitting and spin-orbit scattering. Such an additional breaking of time-reversal and
spin-rotation symmetries would affect the apparent β value and turn α to −1/2 in the presence of strong spin-orbit
scattering [54]. Recently WAL in a parallel field was considered for topological insulators for which α = −1/2 per
channel and β = 2λ2/d2, where λ is the penetration of the surface state into the bulk [55, 56].
We have fitted experimental data to the conventional theory (equation (S26)) with α = −0.5 and with lφ values
obtained from the fitting of the data taken in the perpendicular orientation, thus having β as the only adjustable
parameter. Such a procedure leads to β: 0.48; 0.30; 0.20; 0.22 and 0.07 for epilayers A (xSn = 3.5%), B (xSn = 10.5%),
C (xSn = 15.5%), D (xSn = 24.7%), and E (xSn = 28.7%), respectively. Since the actual thickness of the layer giving
rise to WAL is presumable thinner than the nominal layer thickness d, the determined values have to be regarded as
their lower limit. Meanwhile in DK theory [52] β = d/16l is equal to 0.077; 0.138; 0.691; 0.223 and 0.226 for epilayers
A, B, C, D, and E. Within the AA theory [51], the parameter β has a fixed value 1/3. A similar inconsistency, i.e.,
the fact that experimental values of β are larger than 1/3, was reported for TI materials [57]. Theory of WAL in TIs
in parallel fields [55, 56] can explain high values of β in the epilayers with composition corresponding to the inverted
band structure by assuming that λ extends over almost the whole film thickness [26]. However, this approach fails to
explain the similar behaviour of MR in epilayers in the topologically trivial phase. We have also fitted MR data in
the parallel field to the formula (S26) using two adjustable parameters – α and β. Again, we have used the value of
lφ determined from fit to the MR data in the perpendicular geometry measured at the same temperature. Using this
approach we have obtained α ≈ −0.40 ± 0.03, and higher values for β: 0.99; 0.66; 0.76; 0.35 and 0.17 for epilayers
A, B, C, D, and E. Moreover, fitting experimental data with two adjustable parameters results, not surprisingly, in a
better fit than with a single one (Fig. S10).
Importantly, epilayers covered by amorphous Se that breaks the mirror symmetry, behave in a similar way, but show
systematically larger β values: β = 0.52, 0.32, 0.79, 1.16 are obtained for epilayers G (xSn = 6.5%), H (xSn = 13.6%),
I (xSn = 15.9%), and J (xSn = 30%), respectively, assuming α = −0.5. Treating α as an additional fitting parameter
even larger values β = 1.38, 0.97, 2.11, 8.82 are found out for the same epilayers together with α = −0.35 ± 0.04.
As emphasized in the main text, these findings demonstrate clearly the key role of the mirror symmetry in the Berry
phase quantization in both topologically trivial and non-trivial phases, as predicted by the theory put forward here.
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